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Universal threshold enhancement
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By assuming certain analytic properties of the propagator, it is shown that universal features of the spectral
function, including threshold enhancement, arise if a pole describing a particle at high temperature approaches
in the complex energy plane the threshold position of its two-body decay with the variatioriTog case is
considered when one can disregard any other decay processes. The quality of the proposed description is
demonstrated by comparing it with the detailed laigesolution of the linearo model around the pole-
threshold coincidence.
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The near-threshold two-body decay of a resonance is plex threshold facto# is purely imaginary. Furthermore, the
well-studied problem in scattering theof¥]. In a medium plane we are working on is bounded by a cut along the sec-
with tunable parameter®.g. temperature, density, etoew  tion p?<M? of the real axis. Along the cui is real positive
features may arisg2]. It has been foun{B,4] that a hallmark  (negative on the upperlower) half-plane. Conventionally,
of partial chiral symmetry restoration in a medium is theone associates the upper half-plane with the first, the lower
enhancement of the scalar-isoscalar spectral function ne@ne with the second Riemann sheet. We shall call the upper
the two-pion threshold. In order to elucidate further the ori-edge of the real axis reached from the first Riemann sheet as
gins and the nature of this phenomenon, in this paper w@hysical, and the lower edge of the cut as unphysical.
formulate a general approach to it. On the basis of this in- The goal of our analysis is to investigate the threshold
vestigation some features of threshold enhancement appeehavior of the spectral function in the neighborhood of the
to be universa) showing up whenever the mass of a stablebranch point in a small interval around some temperature
particle can be driven by tuning some parameters of its enT™, to be specified below. We first restrict the discussion to
vironment to pass the threshold of a two-body decay intdhe casep|=0, which makes our analysis easier to follow.
stable final particles. Following our general discussion weThere are now two small quantities characterizing this situ-
shall show evidence for this situation in the lineamodel  ation:e=(T—T*)/T* andé. [It is important to note that it
by studying the propagator of the particle, neglecting the is M(T) and notM(T*) which appears in the definition of
finite in-medium lifetime of the pions. S.] Our basic assumption is that the inverse propagator

Let us start our general discussion by assuming the exiss,, *(po) can be expanded in terms of these two independent

tence of a branch point in the complefo? rest frame energy  Variables. Then to quadratic order one obtains
plane on the real energy axis for the propagator 5

G,(p?|pl), (P>=p3—p?), which corresponds to ther — G, (po)~a,e+a,e’+b 5+b,6°+coe
— a4+ ay hypothetical decayln this part of our discussion

o refers to an _arbitrary_ particle. The extra de_penden(_:e on the ~ [aje+aye+b,6+by6%], (1)
3-momentum is a medium effertlVe can restrict the discus- 1+celb;

sion to the half-plane R4F>O, due to the symmetric be-

havior of the propagator. At the branch point a square roo\tNhere a2=52+alclb1 was defined, after factoring out a

singularity, proportional tay=v1—p®/M?, shows up in the  temperature dependent finite constant.
self-energy contribution to the propagator, whitedenotes We investigate the behavior of the spectral function,
the temperature dependent position of the branch point. Thghich can be derived from Eql) by studying the pole
analytic(Riemann-shegstructure of theJF plane is speci- structure starting at high temperature. In the concrete case of
fied by requiring thaiG, is analytically continued through the o model the tendency to restore the chiral symmetry with
the part of the real axis wheg#>M?, i.e. where the com- increasing temperature reduces themass below &n_(T).
For such temperature is necessarily stable if the pions are
assumed to be stable.

*Electronic address: patkos@ludens.elte.hu When decreasing the temperature the location of¢he
"Electronic address: szepzs@achilles.elte.hu pole moves along the physical real axis to the two-body de-
*Electronic address: psz@galahad.elte.hu cay threshold from below. Let us assume that this pole

0556-2821/2003/68)/0477014)/$20.00 68047701-1 ©2003 The American Physical Society



BRIEF REPORTS PHYSICAL REVIEW D58, 047701 (2003

The threshold enhancement sets in a universal way, re-

S, ® =0 flecting the motion of5, (5_) along the physica{unphysi-
m cal) real axis towards the position of the threshold. Concern-
S % =0 ing universality based on the expansion given in @gthree
N s/ - | <0 further remarks are in ordefi) the linear dependence éf.
5 on € is universal, which determines the leading term of the
FIG. 1. Schematic presentation of the pole evolution. enhancement according to the second factor in(BR. (ii)

when looking at the first correction to this leading behavior

reaches the branch point @it=T*. This is the temperature the one-pole description is not sufficiedt;plays an impor-
T* around which the behavior of the spectral function will tant role(if the expansion is pushed to higher orders, further
be investigated. roots would appear (iii) it is obvious that the expansion
The stability of theO(N) multiplet enforced by the chiral given in Eq.(1) is independent of the low temperature qua-
symmetry is now postulated, without reference to any parSiparticle spectra. o _
ticular symmetry, for the general discussion. We assume that Another characteristic temperature value may be defined,
for €>0 in addition to the approximate stability of the par- corresponding to the temperature whée and 6 become
ticles @; and a5, o is stable. This requires a single pole, degenerate on the unphysical real axis, when the temperature
8., for G, on the physical real axis below the threshold is gradually decreased further. It is determined by the smaller
(1> 6>0), corresponding to a stable state. The requirementegative root of the equatidmf—4b2(aleo+ azeg)zo. For
that no other positive root should be present is fulfilled onlysmaller temperature valuez<€y) the two poles become
if a;<0,0,>0,0,>0. This choice implies the existence of a complex. One of the poles moves into the second Riemann
root <0 on the unphysical real axis for both signs of sheet and can be interpreted as a resonance of finite lifetime
This pole stays away from the threshold even wken0, if the temperature becomes sulfficiently low. The other pole is
see Fig. 1. its “mirror,” located on the continuation of the second Rie-
When the temperature is decreased to the regia®, ~ Mann sheet through the unphysical real a>.<is into thg positiv_e
G, * has no roots on the physical real axis. The pole, whicthalf-plane, and does not have any physical meaning. This
did correspond to the stable particle moves continuoushpicture fully agrees with the qualitative pole trajectory found
over the threshold to the unphysical real axis. In this tem!" [6]- It could happen that the validity of the quadratic ex-
perature range this solution is denoted &y. This means Pansion ofG, " breaks down already before the degeneracy

that for e<0 one has two polesd_ ,38) on the unphysical of the two pole§ on 'the urjphysical real axis oceurs and
real axis for sufficiently smalle| ' may stay on this axis until the temperature is decreased to

In this approximation the spectral functiop(e,s)= zero. This alternative seems to be realized in the calculation
—Im G,(po)/ 7 has the following parametrization al’)ove the presented if7]. It Wogld be very interesting to see the pres-
threshc()rld 02>M2' ence of such a pole in the low temperature representation of

Po ' the pion-pion scattering amplitude based on chiral perturba-

2 tion theory[8].
(bym) 1 %_1(7” 5.) The extension of the investigation to the case of nonzero

spatial momenturnip|/M, regarded as a new small parameter
can be readily done, by assuming the analyticityGof also
(6+6.)2 on this quantity. Now the threshold paramet&itakes its

original Lorentz invariant forms=\1—p?/M?, wherep?
( is the squared four-momentum. At finite temperature, in the
_ oo propagator also a separate dependence on the spatial momen-
Sthe expression depends a@nalso indirectly, through the ,q appears. Therefore the expansion Eg.will contain
8- 8. term). The pole terms associated with. and 6_ in  also terms of the formp?/M?)' 6™ (note, thate remains as
the respective temperature ranges0 and e<0 can be it was introduced foip|=0). To lowest ordersingle pole
uniquely separated i6,,. The approximate spectral function approximation one keeps terms linear ia and 6 and the
based exclusively on this singular “pole” contribution, coefficientd of a new termdx |p|%/M? has to be computed.
above the thresholt¥l, reads The coefficientd determines the shift in the value of the
temperature for which the maximal threshold enhancement
(1+celby) |8 foo I fini B —T*11
Peing= i —— 3  Of psing occurs at small finite Ipl: (]p|) [_
by(5.—d)m |61+ 6% + (d/4|a|)(p?/m?3)]. Since the term proportional to? is
real even after the continuation above the threshgidand
The maximal threshold enhancement clearly occursefor e play similar roles in the spectral function. For fix&dit is
=0, whenpgj,g~ 1/]8|, which has been found also in Ref. d, which controls the location and height of the maximum of
[5]. Sinced, (€) and—J_(e) in the respective temperature pgj,g When |p| is increasing. For instance, one finds,,y

1+ ¢
b, €

p(Po,€)=— 2

+

2
0 ~

5105

Po_,
M2

ranges are equal to linear orderdnthe mirror variation to  ~|a,e+d|p|%/M?|/b;.
O(e) of pgngaroundT* is deformed only by the temperature ~ Below, we illustrate the validity of the simplified repre-
dependent first factor on the right-hand side of 8). sentation discussed above for the scalar-isoscalar spectral
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function of the linears model, obtained to leading order in 25 ' ' ' ' ' o " '
an expansion with respect to the inverse of the number of the =g
Goldstone boson@argeN approximation. For this approxi-
mate solution one checks explicitly the existence of the
power series 06, % in 8, |p| ande. Furthermore, the ranges
of validity in | €| of the single and the two pole descriptions
of the spectral function can be analyzed by comparing Eg.
(2) and Eq.(3) with the complete expression of the spectral
function in the model.

The first goal in the second part is to sketch the wayathe
propagator given by Eq19) of Ref.[6] can be cast fopg 060; i :
<M=2m_(T) and|p|=0 in the form presented in Eql) I
of the present paper. Employing an obvious notation, the L
renormalized couplingsn@zR ,Ar,h) of this model were fixed
at T=0 at values which ensuren_(0)=140 MeV, f_.
= N®(T=0)=93 MeV, m,=3.95_, m,/T',~1.4. The
temperature dependence of the vacuum expectation value of
the O(N) field, ®(T), was determined by the equation of
state(its renormalized form appears in Ed.1) of Ref.[6]):

1 p exact -—-—--—----

two-pole approximation

0.1

1 } h 0.01 : : : : : : :

1
1 ~h 0.2
N(wy) + 2) oy P(T) =0. @ R,

0.1

A
2

+_

mrs

OHT)+ fk

wheren is the Bose-Einstein factor and?=k?+m?2 . The
expansion ofm_(T) to quadratic order ine is provided
through the combination of the reIatiannf,(T):h/CI)(T)
with the expansion of (T) around®(T*). ®(T*) is found
from Eq. (31) of Ref.[6].

The self-energy ofo is determined to leading largs 001 L
order by a sum of the chain of pion bubbles, characterized by 32 33 34 35 36 37 38 39 4
the functionb”(py) as shown by Eq(5) of Ref. [6] (the ool
index > refers to the first Riemann shgethe expression of FIG. 2. The spectral functio(po,€)f2 in various approxima-

the bubble above the threshold given in R@&f is written, i ) .
after continuing to the physical real axis below the threshol fons as a function op, at different reduced temperatures and

e=-0.077 E

and some convenient integral transformations, in a for pI=0.
where the expansion in powers ¢fand e actually starts
from In Fig. 2 the spectral function and its universal approxi-
mations are shown for three different temperatures. The
me(T) darccoso) curves labeled “exact” are calculated from the complete ex-
47~ (pg)=—In + pression derived in Ref6]. They are compared with the two
4 M3 2V1- 46 approximate forms described above. All temperatures were
chosen belowl™* (above it the situation is qualitatively simi-
v (X2—g2)"12 = [(L+x2)\V1+6%x2] 1 lar). For the highest value af the poles_ lies almost on the
—f dx———m8M8M+ 5J dx , threshold; for its smallest values € eg~—0.077) one has
¢ e—1 0 efﬂﬂszxz—l 5_=5. When calculated from the exact expression one ob-

(5) tainsepy=—0.13. According to these curves the region where
the one-pole description gives a good approximation is rather

wherem_(T) and é&=m_(T)/T carry the explicitT depen- narrow ine and in particular ind. The correction due to the
dence My is the normalization scale of the theory defined atsecond pole contribution is quite important for increasing
T=0). One performs first the expansion in powerséofo  frequency values. Foe= €, the line corresponding tpgng
quadratic order. For the second integral in Ef).one finds  was omitted, since its expression becomes meaningless. It is,
to linear order[(@/2)— 8In(m_(T)). Next, the remaining however, remarkable how good an approximation can be
explicit pion mass dependend@lso in &) is expanded constructed using Eq1). The range of validity of the qua-
aroundT* with the procedure sketched above. With thesedratic expansion oG;1 in e includes also the degeneracy
hints one easily establishes the approximate expression Etgmperature of the poles, persisting even for somewhat lower
(1), obtaining numerically the following values for the coef- temperatures when both poles are complex and lie equidis-
ficients;:a;=—18.32,a,= —23.14,b,=8.59,b,=14.48,c  tantly from the threshold. The specific form of the spectral
=9.67. function, p~|8|/(| 8|2+ consty, characteristic at the degen-
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eracy temperature, is expected to occur even in the exagparticle pole describing at high temperature a stable particle

solution of theN=4 linears model with physically relevant might pass through the threshold of its lowest two-body de-

couplings. cay. Our discussion implies that fgr<T* the pole domi-
For the case of the— 7 system, the coefficierd, which  nating analytically the spectral function cannot correspond to

determines the influence of the explidip| dependence, any particle. Whether this remains valid down Te=0 is

comes uniquely from the temperature dependent part of theodel dependent.

pion bubble,b7=b7 (py,|p|). Since theT=0 part of the A possible generalization of Ed2), in which only the

expression of the bubble is Lorentz invariant, it remains unquadratic dependence of the inverse propagatob i as-

changed when expressed with the complete expression of sumed, can be easily written down:

The expression ob7 for p#0, see e.g. Ref$7,9], can be 2

cast in the form Ri(e,p) p_ -1
2 2 M2
p- 21| _ 22 P(f’p,pz): 2 -
< dt ntmy ||z TIPIVE 1} Pt P> >
¢:f = > , C® 12~ 1HRa(eD)| +Ro(ep)| 51
18
" &~ Ipl\¥P=1| —pdt? ®

The functionsR; are real; af =0 they assume constant val-

For the threshold behavior of the spectral function to the Les. e is measured from the valu®* determined by the

lowest (linean order in (e,5,p?), one can us&®=0 in the
) i . . condition R,(e=0,0)=0. A sequence of reduced tempera-
integral; that is, for the quantities scaled fmy (T) one can turese(p)=[T* (p)— T* /T* can be defined as the solution

2_ 2_ 2 H H :
setp =4, po=4+p“. With a suitable transformation of the of the equatiorR,(e(p),p)=0. ObviouslyT* (0)=T*. As-

variable of integration we can ensure the smoothness of H’S?mptotlcall one expects the “scaling” behavidR,~[e
integrand, obtaining y 2

—€e(p)]* a>0. The treatment based on Ed) leads toa
1- exp[ ¢ \/ 1+
- dt symmetry breaking the branch point tends to the origimp|if

Ip| Ip| ) =1, but in principle a nontrivial non-integer scaling expo-
b7 — f . g the ¢
0 472 g . ;{ g\/ (lpl Ipl ) goes to zero an@* =T, independently ofp| [10].
ex

—tanh— nent can be envisaged. Note, that when there is no explicit
—coth—t The next step will be to discuss the effect of the finite
pion lifetime. It shifts the branch-point into the lower half-
() plane. Around it there is still an enhancemésimilar to the
undamped cagebut in the spectral function varying along
the real axis the effect is smeared out partially, &H.
Either a complete two-loofimproved perturbative analysis
or the evaluation of the next-to-leading large N correction to
G, is needed to reliably assess the importance of the finite
pion width.
In conclusion we emphasize that the proposed universal-
The assumed ex . . %/ of the spectral function in the region of pole-threshold
pansion of the inverse propagator aroun
crossing should be reflected in any theory of strong interac-

the threshold in powers oé and 5 resembles the starting tions. Therefore the corresponding scaling behavior should

point of the Landau theory of second order phase transition%
e seen also in appropriate kinematic regions of heavy ion
Like in the Landau theory, our purpose has not been to Prove lision spectra.

the analytic property of the relevant quantity, but to explore
the consequences of its postulation. We conjecture the uni- This research has been supported by the research contract
versality of the threshold behavior in any channel where @TKA-T037689 of the Hungarian Research Fund.

Performing a partial integration one obtains the first two
terms of the asymptotic expansion of the integral valid for
small|p|, relevant for our analysis. Next to the unchanged
|p|-independent term with the compleieone can calculate
the coefficient ofp? by performing thet integral with the
value of £ determined afT*. For the actual couplings
=1.65 is found.
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