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Universal threshold enhancement
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By assuming certain analytic properties of the propagator, it is shown that universal features of the spectral
function, including threshold enhancement, arise if a pole describing a particle at high temperature approaches
in the complex energy plane the threshold position of its two-body decay with the variation ofT. The case is
considered when one can disregard any other decay processes. The quality of the proposed description is
demonstrated by comparing it with the detailed largeN solution of the linears model around the pole-
threshold coincidence.
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The near-threshold two-body decay of a resonance
well-studied problem in scattering theory@1#. In a medium
with tunable parameters~e.g. temperature, density, etc.! new
features may arise@2#. It has been found@3,4# that a hallmark
of partial chiral symmetry restoration in a medium is t
enhancement of the scalar-isoscalar spectral function
the two-pion threshold. In order to elucidate further the o
gins and the nature of this phenomenon, in this paper
formulate a general approach to it. On the basis of this
vestigation some features of threshold enhancement ap
to be universal, showing up whenever the mass of a sta
particle can be driven by tuning some parameters of its
vironment to pass the threshold of a two-body decay i
stable final particles. Following our general discussion
shall show evidence for this situation in the linears model
by studying the propagator of thes particle, neglecting the
finite in-medium lifetime of the pions.

Let us start our general discussion by assuming the e

tence of a branch point in the complexAp2 rest frame energy
plane on the real energy axis for the propaga
Gs(p2,upu), (p25p0

22p2), which corresponds to thes
→a11a2 hypothetical decay.~In this part of our discussion
s refers to an arbitrary particle. The extra dependence on
3-momentum is a medium effect.! We can restrict the discus

sion to the half-plane ReAp2.0, due to the symmetric be
havior of the propagator. At the branch point a square r

singularity, proportional tod[A12p2/M2, shows up in the
self-energy contribution to the propagator, whereM denotes
the temperature dependent position of the branch point.

analytic~Riemann-sheet! structure of theAp2 plane is speci-
fied by requiring thatGs is analytically continued through
the part of the real axis wherep2.M2, i.e. where the com-
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plex threshold factord is purely imaginary. Furthermore, th
plane we are working on is bounded by a cut along the s
tion p2,M2 of the real axis. Along the cutd is real positive
~negative! on the upper~lower! half-plane. Conventionally,
one associates the upper half-plane with the first, the lo
one with the second Riemann sheet. We shall call the up
edge of the real axis reached from the first Riemann shee
physical, and the lower edge of the cut as unphysical.

The goal of our analysis is to investigate the thresh
behavior of the spectral function in the neighborhood of
branch point in a small interval around some temperat
T* , to be specified below. We first restrict the discussion
the caseupu50, which makes our analysis easier to follo
There are now two small quantities characterizing this s
ation: e[(T2T* )/T* andd. @It is important to note that it
is M (T) and notM (T* ) which appears in the definition o
d.# Our basic assumption is that the inverse propaga
Gs

21(p0) can be expanded in terms of these two independ
variables. Then to quadratic order one obtains

2Gs
21~p0!'a1e1ã2e21b1d1b2d21cde

'
1

11ce/b1
@a1e1a2e21b1d1b2d2#, ~1!

where a25ã21a1c/b1 was defined, after factoring out
temperature dependent finite constant.

We investigate the behavior of the spectral functio
which can be derived from Eq.~1! by studying the pole
structure starting at high temperature. In the concrete cas
thes model the tendency to restore the chiral symmetry w
increasing temperature reduces thes mass below 2mp(T).
For such temperatures is necessarily stable if the pions a
assumed to be stable.

When decreasing the temperature the location of thes
pole moves along the physical real axis to the two-body
cay threshold from below. Let us assume that this p
©2003 The American Physical Society01-1
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reaches the branch point atT5T* . This is the temperature
T* around which the behavior of the spectral function w
be investigated.

The stability of theO(N) multiplet enforced by the chira
symmetry is now postulated, without reference to any p
ticular symmetry, for the general discussion. We assume
for e.0 in addition to the approximate stability of the pa
ticles a1 and a2 , s is stable. This requires a single pol
d1 , for Gs on the physical real axis below the thresho
(1.d.0), corresponding to a stable state. The requirem
that no other positive root should be present is fulfilled o
if a1,0,b1.0,b2.0. This choice implies the existence of
root d̃,0 on the unphysical real axis for both signs ofe.
This pole stays away from the threshold even whene→0,
see Fig. 1.

When the temperature is decreased to the regione,0,
Gs

21 has no roots on the physical real axis. The pole, wh
did correspond to the stable particle moves continuou
over the threshold to the unphysical real axis. In this te
perature range this solution is denoted byd2 . This means
that for e,0 one has two poles (d2 ,d̃) on the unphysical
real axis for sufficiently smallueu.

In this approximation the spectral functionr(e,d)5
2Im Gs(p0)/p has the following parametrization above th
thresholdp0

2.M2:

r~p0 ,e!52

F11
c

b1
eG~b2p!21A p0

2

M2
21~ d̃1d6!

S p0
2

M2
212d6d̃ D 2

1S p0
2

M2
21D ~ d̃1d6!2

~2!

~the expression depends one also indirectly, through the
d̃•d6 term!. The pole terms associated withd1 and d2 in
the respective temperature rangese.0 and e,0 can be
uniquely separated inGs . The approximate spectral functio
based exclusively on this singular ‘‘pole’’ contribution
above the thresholdM, reads

rsing5
~11ce/b1!

b2~d62 d̃ !p
3

udu
udu21d6

2 . ~3!

The maximal threshold enhancement clearly occurs foe
50, whenrsing;1/udu, which has been found also in Re
@5#. Sinced1(e) and2d2(e) in the respective temperatur
ranges are equal to linear order ine, the mirror variation to
O(e) of rsing aroundT* is deformed only by the temperatur
dependent first factor on the right-hand side of Eq.~3!.

FIG. 1. Schematic presentation of the pole evolution.
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The threshold enhancement sets in a universal way,
flecting the motion ofd1(d2) along the physical~unphysi-
cal! real axis towards the position of the threshold. Conce
ing universality based on the expansion given in Eq.~1! three
further remarks are in order:~i! the linear dependence ofd6

on e is universal, which determines the leading term of t
enhancement according to the second factor in Eq.~3!; ~ii !
when looking at the first correction to this leading behav
the one-pole description is not sufficient;d̃ plays an impor-
tant role~if the expansion is pushed to higher orders, furth
roots would appear!; ~iii ! it is obvious that the expansio
given in Eq.~1! is independent of the low temperature qu
siparticle spectra.

Another characteristic temperature value may be defin
corresponding to the temperature whered2 and d̃ become
degenerate on the unphysical real axis, when the tempera
is gradually decreased further. It is determined by the sma
negative root of the equationb1

224b2(a1e01a2e0
2)50. For

smaller temperature values (e,e0) the two poles become
complex. One of the poles moves into the second Riem
sheet and can be interpreted as a resonance of finite life
if the temperature becomes sufficiently low. The other pole
its ‘‘mirror,’’ located on the continuation of the second Rie
mann sheet through the unphysical real axis into the posi
half-plane, and does not have any physical meaning. T
picture fully agrees with the qualitative pole trajectory fou
in @6#. It could happen that the validity of the quadratic e
pansion ofGs

21 breaks down already before the degenera
of the two poles on the unphysical real axis occurs andd2

may stay on this axis until the temperature is decrease
zero. This alternative seems to be realized in the calcula
presented in@7#. It would be very interesting to see the pre
ence of such a pole in the low temperature representatio
the pion-pion scattering amplitude based on chiral pertur
tion theory@8#.

The extension of the investigation to the case of nonz
spatial momentumupu/M , regarded as a new small parame
can be readily done, by assuming the analyticity ofGs also
on this quantity. Now the threshold parameterd takes its

original Lorentz invariant form:d5A12p2/M2, wherep2

is the squared four-momentum. At finite temperature, in
propagator also a separate dependence on the spatial mo
tum appears. Therefore the expansion Eq.~1! will contain
also terms of the form (p2/M2) lekdm ~note, thate remains as
it was introduced forupu50). To lowest order~single pole
approximation! one keeps terms linear ine and d and the
coefficientd of a new termd3upu2/M2 has to be computed

The coefficientd determines the shift in the value of th
temperature for which the maximal threshold enhancem
of rsing occurs at small finite upu: T* (upu)5T* @1
1 (d/4ua1u)(p2/mp

2 )#. Since the term proportional top2 is
real even after the continuation above the threshold,upu and
e play similar roles in the spectral function. For fixedT, it is
d, which controls the location and height of the maximum
rsing when upu is increasing. For instance, one findsdmax
'ua1e1dupu2/M2u/b1.

Below, we illustrate the validity of the simplified repre
sentation discussed above for the scalar-isoscalar spe
1-2
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function of the linears model, obtained to leading order i
an expansion with respect to the inverse of the number of
Goldstone bosons~largeN approximation!. For this approxi-
mate solution one checks explicitly the existence of
power series ofGs

21 in d, upu ande. Furthermore, the range
of validity in ueu of the single and the two pole description
of the spectral function can be analyzed by comparing
~2! and Eq.~3! with the complete expression of the spect
function in the model.

The first goal in the second part is to sketch the way ths
propagator given by Eq.~19! of Ref. @6# can be cast forp0
,M[2mp(T) and upu50 in the form presented in Eq.~1!
of the present paper. Employing an obvious notation,
renormalized couplings (mR

2 ,lR ,h) of this model were fixed
at T50 at values which ensuremp(0)5140 MeV, f p

5ANF(T50)593 MeV, ms53.95f p , ms /Gs;1.4. The
temperature dependence of the vacuum expectation valu
the O(N) field, F(T), was determined by the equation
state~its renormalized form appears in Eq.~11! of Ref. @6#!:

m21
l

6 FF2~T!1E
k
S n~vk!1

1

2D 1

vk
G2

h

F~T!
50, ~4!

wheren is the Bose-Einstein factor andvk
25k21mp

2 . The
expansion ofmp(T) to quadratic order ine is provided
through the combination of the relationmp

2 (T)5h/F(T)
with the expansion ofF(T) aroundF(T* ). F(T* ) is found
from Eq. ~31! of Ref. @6#.

The self-energy ofs is determined to leading largeN
order by a sum of the chain of pion bubbles, characterized
the functionb.(p0) as shown by Eq.~5! of Ref. @6# ~the
index. refers to the first Riemann sheet!. The expression of
the bubble above the threshold given in Ref.@6# is written,
after continuing to the physical real axis below the thresh
and some convenient integral transformations, in a fo
where the expansion in powers ofd and e actually starts
from

4p2b.~p0!5
1

4
ln

mp
2 ~T!

M0
2

1
d arccos~d!

2A12d2

2E
j

`

dx
~x22j2!21/2

ex21
1dE

0

`

dx
@~11x2!A11d2x2#21

ejA11d
2
x

2
21

,

~5!

wheremp(T) and j5mp(T)/T carry the explicitT depen-
dence (M0 is the normalization scale of the theory defined
T50). One performs first the expansion in powers ofd to
quadratic order. For the second integral in Eq.~5! one finds
to linear order@(p/2)2d#n„mp(T)…. Next, the remaining
explicit pion mass dependence~also in j) is expanded
aroundT* with the procedure sketched above. With the
hints one easily establishes the approximate expression
~1!, obtaining numerically the following values for the coe
ficients:a15218.32,a25223.14,b158.59, b2514.48,c
59.67.
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In Fig. 2 the spectral function and its universal appro
mations are shown for three different temperatures. T
curves labeled ‘‘exact’’ are calculated from the complete e
pression derived in Ref.@6#. They are compared with the tw
approximate forms described above. All temperatures w
chosen belowT* ~above it the situation is qualitatively simi
lar!. For the highest value ofe the poled2 lies almost on the
threshold; for its smallest value (e5e0'20.077) one has
d25 d̃. When calculated from the exact expression one
tainse0520.13. According to these curves the region whe
the one-pole description gives a good approximation is ra
narrow ine and in particular ind. The correction due to the
second pole contribution is quite important for increasi
frequency values. Fore5e0 the line corresponding torsing
was omitted, since its expression becomes meaningless.
however, remarkable how good an approximation can
constructed using Eq.~1!. The range of validity of the qua
dratic expansion ofGs

21 in e includes also the degenerac
temperature of the poles, persisting even for somewhat lo
temperatures when both poles are complex and lie equ
tantly from the threshold. The specific form of the spect
function, r;udu/(udu21const)2, characteristic at the degen

FIG. 2. The spectral functionr(p0 ,e) f p
2 in various approxima-

tions as a function ofp0 at different reduced temperaturese, and
upu50.
1-3
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eracy temperature, is expected to occur even in the e
solution of theN54 linears model with physically relevan
couplings.

For the case of thes2p system, the coefficientd, which
determines the influence of the explicitupu dependence
comes uniquely from the temperature dependent part of
pion bubble,bT

.[bT
.(p0 ,upu). Since theT50 part of the

expression of the bubble is Lorentz invariant, it remains
changed when expressed with the complete expression od.
The expression ofbT

. for pÞ0, see e.g. Refs.@7,9#, can be
cast in the form

bT
.5E

1

` dt

8p2

n~ tmp!

upu
lnUFp2

2
1upuAt221G2

2p0
2t2

Fp2

2
2upuAt221G2

2p0
2t2
U . ~6!

For the threshold behavior of the spectral function to
lowest ~linear! order in (e,d,p2), one can used50 in the
integral; that is, for the quantities scaled bymp(T) one can
setp254, p0

2541p2. With a suitable transformation of th
variable of integration we can ensure the smoothness of
integrand, obtaining

bT
.5E

0

` dt

4p2j
ln

12expF2jA11S upu

2
tanh

upu

2
t D 2G

12expF2jA11S upu

2
coth

upu

2
t D 2G .

~7!

Performing a partial integration one obtains the first t
terms of the asymptotic expansion of the integral valid
small upu, relevant for our analysis. Next to the unchang
upu-independent term with the completed one can calculate
the coefficient ofp2 by performing thet integral with the
value of j determined atT* . For the actual couplingsd
51.65 is found.

The assumed expansion of the inverse propagator aro
the threshold in powers ofe and d resembles the startin
point of the Landau theory of second order phase transitio
Like in the Landau theory, our purpose has not been to pr
the analytic property of the relevant quantity, but to explo
the consequences of its postulation. We conjecture the
versality of the threshold behavior in any channel wher
r

o,
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particle pole describing at high temperature a stable part
might pass through the threshold of its lowest two-body
cay. Our discussion implies that forT&T* the pole domi-
nating analytically the spectral function cannot correspond
any particle. Whether this remains valid down toT50 is
model dependent.

A possible generalization of Eq.~2!, in which only the
quadratic dependence of the inverse propagator ond is as-
sumed, can be easily written down:

r~e,p,p2!5

R1~e,p!A p2

M2
21

F p2

M2
211R2~e,p!G 2

1R3~e,p!F p2

M2
21G .

~8!

The functionsRi are real; atT50 they assume constant va
ues. e is measured from the valueT* determined by the
condition R2(e50,0)50. A sequence of reduced temper
turese(p)[@T* (p)2T* #/T* can be defined as the solutio
of the equationR2„e(p),p…50. ObviouslyT* (0)5T* . As-
ymptotically one expects the ‘‘scaling’’ behaviorR2;@e
2e(p)#a,a.0. The treatment based on Eq.~1! leads toa
51, but in principle a nontrivial non-integer scaling exp
nent can be envisaged. Note, that when there is no exp
symmetry breaking the branch point tends to the origin ifupu
goes to zero andT* 5Tc independently ofupu @10#.

The next step will be to discuss the effect of the fin
pion lifetime. It shifts the branch-point into the lower hal
plane. Around it there is still an enhancement~similar to the
undamped case! but in the spectral function varying alon
the real axis the effect is smeared out partially, see@11#.
Either a complete two-loop~improved! perturbative analysis
or the evaluation of the next-to-leading large N correction
Gs is needed to reliably assess the importance of the fi
pion width.

In conclusion we emphasize that the proposed univer
ity of the spectral function in the region of pole-thresho
crossing should be reflected in any theory of strong inter
tions. Therefore the corresponding scaling behavior sho
be seen also in appropriate kinematic regions of heavy
collision spectra.
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